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Abstract. In this paper, polynomial dimensional decomposition (PDD) method is applied to study 
the dynamical model for the first time. PDD method can reserve the amplitude-frequency 
characteristics of the exact solution which is obtained by the Monte Carlo simulation (MCS) 
method except the frequency close to the resonance, the perturbations appear around the resonance 
frequency. All these results are shown on the two degrees of freedom (DOF) spring system with 
uncertainties; the dynamical characteristics of stiffness and hybrid uncertainty uncertainty are 
studied in seven cases respectively. The higher PDD order approximates better to the MCS results. 
Keywords: polynomial dimensional decomposition, Monte Carlo simulation, order reduction, 
dynamical characteristic, uncertainty. 
1. Introduction 
The dynamical analysis of multiple degree of freedom (DOF) linear system has received 
significant attention over the past decade. The calculating quantity of the multiple DOF (MDOF) 
system is very expensive and the qualitative analysis is so difficult that the MDOF system should 
be reduced to lower DOF one. There are a variety of efficient order reduction methods can be 
applied in MDOF system: center manifold method [1], inertial manifold method [2], POD method 
[3-5], Galerkin method [6], Lyapunov-Schmidt method [7], and other order reduction methods [8]. 
Rega [9] also reviewed the common order reduction methods in applied nonlinear dynamics. 
These methods can usually be applied in the deterministic systems and will be out of action in the 
stochastic systems.  
On the basis of the design uncertainty, some physical parameters may vary in an uncertain way, 
so the response may change also in one uncertain way. The goal is to allow an estimate of the 
dynamic responses generated by these considerations on the actual physical parameters. 
Considering this, there are many different methods to take account of uncertainties in this kind of 
problem such as the Monte Carlo simulation (MCS) [10], polynomial chaos expansion [11], or 
polynomial dimensional decomposition [12]. MCS is an efficient method and well adapted to 
include uncertainties in a deterministic model by generating samples of the random parameters. 
But the computational cost of MCS is very expensive due to the reason that a large number of 
samples should have convergence of this method [13]. Both the PCE and PDD are the methods 
based on the representation of the stochastic processes and variables in a set of orthogonal bases 
of random variables, they are widely applied in the uncertain quantification of high-dimensional 
complex systems [14].  
The PDD approximation commits a smaller error than does the PCE approximation for 
identical expansion orders when the cooperative efforts of input variables on an eigenvalue 
attenuate rapidly or vanish altogether [15]. Some numerical results also verify that the PDD is 
more efficient and the calculating time is less expensive than the PCE method [16]. The PDD 
method has shown to be an accurate and efficient way to solve the problems with uncertainties, 
so the PDD method is used in this paper.  
The objective of this paper is to apply the PDD method to uncertain dynamical system in an 
accurate and computational-efficient manner. The amplitude-frequency characteristics of two 
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DOF spring system with mass, stiffness, damping and hybrid case uncertainties are discuss 
respectively. The PDD method is compared with the MCS method to show the accuracy and 
efficiency of the PDD method. The influence of the PDD order is also highlighted.  
2. Response of random dynamical system with harmonic excitation 
In this section, uncertainties in the dynamical system are introduced first, and then we apply 
the PDD method to the dynamical equation. 
2.1. Design uncertainties in a dynamical system 
The dynamical system can be described by the ݊ × ݊ mass, damping, and stiffness matrices, 
ۻ, ۱ and ۹, where ݊ is the DOF number. The external excitation force acting on this system can 
be described by ۴ሺݐሻ, and ܡሺݐሻ is the vector of DOF. 
The mass, damping and stiffness matrices are assumed to be uncertain and can be provided by: 
ۻ = ۻሺ1 + covெߜெሻ, (1)
the stiffness, damping and mass are all assumed to be uncertain in this study. The parameters in 
Eqs. (1) is shown as follows, the representations of the damping and stiffness are similar as the 
mass: ߜெ: standard normal deviate of mass, covெ: cov of mass. 
The system is deterministic when the coefficient of variance (cov) is 0. The simple uncertainty 
is chosen to show the aim of this paper. We want to explain and highlight the special dynamical 
behaviors around the deterministic resonance frequency based on the PDD method. So this class 
of uncertainty will make the system clearer and more convenient to explain. It must be specified 
that it is the first time to apply the PDD method to solve the dynamical problems. On the basis of 
actually physical significance, standard normal distribution will lead to negative values of the 
design parameters, so we consider the control parameters are very small, the corresponding design 
parameters will be positive. The PDD method can not only be applied in the normal distribution 
but also in other distributions, such as the uniform distribution, beta distribution and so on. 
The general dynamical equation can be written as: 
ۻܡሷሺݐሻ + ۱ܡሶሺݐሻ + ۹ܡሺݐሻ = ۴ሺݐሻ. (2)
The external excitation is assumed to be harmonic ۴ሺݐሻ = ۴଴݁௜ఠ௧, and the steady state response 
of the system is considered as ܡሺݐሻ = ܇݁௜ఠ௧ , where ݅ = √−1 , and ܇  is the solution of the 
following equation: 
ሺ−߱ଶۻ + ݅߱۱ + ۹ሻ܇ = ۴଴, (3)
where ۻ, ۱, ۹ and ܇ are the random mass, damping, stiffness and vector, which can be described 
by its moments. The first two moments (mean and standard deviation (SD)) are calculated. The 
calculating formulas of mean and SD are provided in [17]. The amplitude of the Eq. (3) is 
|܇ଵ + ݅܇ଶ|, ܇ଵ and ܇ଶ are the real and complex part of ܇. 
Actually, several methods can be used to derive these moments, such as the MCS, PCE and 
PDD method. In this paper, the results of MCS method will be the reference solutions and the 
PDD method will be compared with the MCS method. 
The PDD method is an order reduction method widely applied in the stochastic systems [12], 
an ܵ-variate approximation PD of the response ݕሺܠሻ, described by [18]: 
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ݕ෤ௌሺܠሻ = ݕ଴ + ෍ ݕ௜ሺݔ௜ሻ
ே
௜ୀଵ
+ ෍ ݕ௜భ௜మ൫ݔ௜భ, ݔ௜మ൯
ே
௜భ,௜మୀଵ;௜భழ௜మ
      + ෍ ݕ௜భ௜మ௜య൫ݔ௜భ, ݔ௜మ, ݔ௜య൯
ே
௜భ,௜మ,௜యୀଵ;௜భழ௜మழ௜య
+ ⋯ + ෍ ݕ௜భ…௜ೄ൫ݔ௜భ, … , ݔ௜ೄ൯
ே
௜భ,…,௜ೄୀଵ;௜భழ⋯௜ೄ
,
(4)
can be viewed as a finite hierarchical expansion of an output function in terms of the input 
variables with the increasing dimensions, and ݕ଴ is a constant, ݕ௜ሺݔ௜ሻ is a univariate component 
function that represents individual contribution to ݕሺܠሻ by input variable ݔ௜  acting alone. In a 
similar way, ݕ௜భ௜మ൫ݔ௜భ, ݔ௜మ൯ is a bivariate component function, ݕ௜భ௜మ௜య൫ݔ௜భ, ݔ௜మ, ݔ௜య൯ is trivariate and 
ݕ௜భ…௜ೄ൫ݔ௜భ, … , ݔ௜౏൯ is a an ܵ-variate component function. When ܵ → ܰ, the response converges to 
the exact function ݕሺܠሻ. 
Here, we give the approximate expressions of the first variate component functions, described 
by: 
ݕ௜ሺݔ௜ሻ ≅ ෍ ߙ௜௝߰௜௝ሺݔ௜ሻ
௠
௝ୀଵ
, (5)
where ߙ௜௝ is the corresponding coefficients, see details in [12]. 
2.2. Dynamical equation based on PDD 
As is mentioned above, the DOF vector ܡሺݐሻ is random, and ܡሺݐሻ is a solution to the dynamical 
Eq. (2), where ۻ is defined by Eq. (1), the damping and stiffness terms are similar. An ܵ-variate 
approximation of the PDD of response ܡሺݐሻ can be express as: 
ݕ෤ௌሺ܆ሻ ≅ ݕ଴ + ෍ ෍ ߙ௜௝߰௜௝ሺ ௜ܺሻ
௠
௝ୀଵ
ே
௜ୀଵ
+ ෍ ෍ ෍ ߚ௜భ௜మ௝భ௝మ߰௜భ௝భ൫ ௜ܺభ൯߰௜మ௝మ൫ ௜ܺమ൯
௠
௝భୀଵ
௠
௝మୀଵ
ே
௜భ,௜మୀଵ;௜భழ௜మ
 
      + ෍ ෍ ෍ ෍ ߛ௜భ௜మ௜య௝భ௝మ௝య߰௜భ௝భ൫ ௜ܺభ൯߰௜మ௝మ൫ ௜ܺమ൯߰௜య௝య൫ ௜ܺయ൯
௠
௝భୀଵ
௠
௝మୀଵ
௠
௝యୀଵ
ே
௜భ,௜మ,௜యୀଵ;௜భழ௜మழ௜య
 
      + ⋯ + ෍ ෍ ⋯ ෍ ܥ௜భ,…,௜ೄ௝భ,…,௝ೄ ෑ ߰௜ೖ௝ೖ൫ ௜ܺೖ൯
ௌ
௞ୀଵ
௠
௝భୀଵ
௠
௝ೄୀଵ
ே
௜భ,…,௜ೄୀଵ;௜భழ⋯ழ௜ೄ
,
(6)
as ݉ → ∞, Eq. (6) converges to ܡሺݐሻ in the mean square sense for ܵ = ܰ. Then the dimension 
reduction method [12] is applied to calculate the coefficients ݕ଴ and ܥ௜భ,…,௜ೄ௝భ,…,௝ೄ. In this paper, 
we only use the univariate method to study the simple model. There is no need to use the bivariate 
or trivariate method, for the system is linear and there are at most 3 variables. The univariate 
results can approximate to the MCS results. 
The formulas of the PDD method to calculate the response moments of a stochastic system are 
shown in ref. [17], on the basis of the discussions above, the components of the PDD can satisfy 
the following equation: 
ۻഥ ܠതሷ ሺݐሻ + ۱തܠሶ ሺݐሻ + ۹ഥܠሺݐሻ = ۴തሺݐሻ, (7)
so the dynamical system with uncertainty can be regarded as the deterministic one. Then we can 
apply PDD method to study the stochastic moments of the amplitude of the dynamical system. 
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3. Two-DOF spring model 
The two-DOF spring model will be established by the Newton’s second law, the PDD and 
MCS methods will be used to calculate the mean and SD of the response for the model shown in 
Fig. 1.  
The dynamical equation of the spring model is similar as Eq. (2), and the corresponding 
parameters are shown in Eq (8): 
ۻ = ൬݉ଵ ݉ଶ൰ ,     ۱ = ቀ
ܿଵ + ܿଶ −ܿଶ
−ܿଶ ܿଶ + ܿଷቁ , ۹ = ൬
݇ଵ + ݇ଶ −݇ଶ
−݇ଶ ݇ଶ + ݇ଷ൰ , ۴ሺݐሻ = ൬
ܨଵ
ܨଶ൰. (8)
The stiffness, damping and mass are assumed to be uncertain: we assume that the damping is 
equal to each other, so as the stiffness and mass; we sign the stiffness, damping and the mass as 
݇, ܿ and ݉ respectively. The corresponding values are shown in Table 1. 
The mass, damping and the stiffness are assumed to be uncertain, the formulas are shown in 
Eq. (9): 
݉ = ഥ݉ሺ1 + cov௠ߜ௠ሻ, (9)
where cov௠, cov௖, cov௞ are the cov parameters and ഥ݉ , ܿ̅, ത݇ are the mean values. 
1c 2c
1k 2k
1m 2m
 1x t  2x t
 1F t  2F t
3c
3k
 
Fig. 1. 2-DOF spring model 
Table 1. Corresponding values 
݉ (kg) ܿ (Nm-1 s-1) ݇ (Nm-1) cov௠ cov௖ cov௞ ܨଵ (N) ܨଶ (N) 
1 1 15000 3 % 4 % 5 % 1 0 
4. Dynamical characteristics of the spring system 
In this section, the sole design uncertainty is discussed first, for example, the stiffness, damping 
and stiffness uncertainties. Later, the amplitude-frequency characteristics of the hybrid uncertainty 
are studied. The DOF vector was calculated for 1001values of ߱/ሺ2ߨሻ in the range of 15-40 Hz, 
the step is length is 0.025 Hz. 
The MCS results were obtained with 10000 samples of the random variables ߜ௠, ߜ௖, ߜ௞. The 
first two moments (mean and SD) are plotted in Fig. 2-Fig. 3. The PDD order is calculated for 
both 2 and 9 to verify the influence of high order PDD. 
4.1. Stiffness uncertainty 
The mean and SD of PDD order 2 is plotted in Fig. 2(a) and (b), the mean preserves the 
amplitude-frequency trend of the MCS result, the SD is in perfect agreement with the MCS result. 
Both mean and SD calculated by PDD have oscillations around the resonance. The curves oscillate 
more and the vibration amplitude decreases as the PDD order increases, which are shown in 
Fig. 2(c) and (d). The higher PDD order can approximate to MCS better. 
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a) Mean of PDD order 2 
 
b) SD of PDD order 2 
 
c) Mean of PDD order 9 
 
d) SD of PDD order 9 
Fig. 2. Amplitude frequency curves of PDD (black line) and MCS (blue line)  
 
a) Mean of PDD order 2 
 
b) SD of PDD order 2 
 
c) Mean of PDD order 9 
 
d) SD of PDD order 9 
Fig. 3. Amplitude frequency curves of PDD (black line) and MCS (blue line) 
4.2. Hybrid uncertainty 
We will study the hybrid uncertainty of the 2-DOF spring system in this section. The 
corresponding uncertain parameters and the order are listed in Table 2, one case is provided and 
the other cases will be discussed later. 
In Fig. 3, it is clear that the PDD results agree well with the exact solutions obtained by the 
MCS results. The frequency-amplitude characteristic of the second moment is more complex than 
the single uncertainty. 
Table 2. Corresponding uncertain parameters 
Case ߜ௞ ߜ௖ ߜ௠ Order Order 
1 0.05 0.04 0.03 2 9 
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5. Conclusions  
The PDD method is applied to study the dynamical characteristics of the random dynamical 
system for the first time. A two DOF spring system is established, the amplitude-frequency 
characteristics of mass and the hybrid uncertainties are discussed based on the design uncertainties 
respectively. The accuracy and efficiency of the PDD method is verified via comparing with the 
MCS method. Meanwhile, the higher order PDD is also studied and the results can approximate 
to the exact solutions obtained by the MCS method better.  
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